Within an expansion in slow-roll ination parameters, we derive secondorder expressions relating the ratio of tensor to scalar density perturbations and the spectral index of the scalar spectrum. We nd that \corrections" to previously derived formulae can dominate if the tensor to scalar ratio is small. 
I. INTRODUCTION
In slow-roll ination the energy density of the Universe is dominated by the potential energy density of some scalar eld , known as the inaton eld. During slow-roll ination, scalar density perturbations and gravitational mode perturbations are produced as the inaton eld evolves. The amplitude of the scalar density perturbation as it crosses the Hubble radius after ination is dened as ! HOR m p 2 
A S ();
( 1) where the constant m equals 2=5 (or 4) if the perturbation re-enters during the matter (or radiation) dominated era. In addition to the scalar density perturbations, slow-roll ination produces metric uctuations, h, and the amplitude of the dimensionless strain on scale when it crosses the Hubble radius after ination is dened by k 3=2 h HOR A G ():
Both the scalar density perturbations and the tensor modes contribute to temperature uctuations in the cosmic background radiation (CBR). On large angular scales ( 1 , corresponding to the horizon at the last scattering surface) CBR uctuations are proportional to the sum of the squares of the two modes: 
where is the physical wavelength that a given scale would have t o d a y i f i t e v olved linearly, and is given by = [ a ( t 0 ) =a(t)] H 1 (t), where t 0 is the time today, and a(t) and H(t) = _ a ( t ) =a(t) are the scale factor and Hubble expansion rate, respectively, when the scale left the Hubble radius at time t.
With the prospect of measurements of anisotropy in the cosmic microwave background at dierent angular scales, it may soon be possible to determine the relative contributions of scalar and tensor components to CBR uctuations [1], and thus provide information about the scalar potential driving ination [2] . Several attempts have already been made to develop a method to isolate the scalar and tensor components of the signal [3] . This work assumed a relationship between the ratio of the tensor and scalar contribution to the temperature uctuations and the spectral indices of the form T=SR ' 7n T '7(1 n S + ) (6) ' 7(1 n S ); (7) where (2V 0 =(3H 2 )) 0 , V is the inaton potential, prime denotes d=d, and H is the expansion rate at the time when the scale crossed out of the Hubble radius during ination. It is claimed in Ref. [3] that is small in generic models of ination, and that conrmation of n T 1 n S would be support for ination and provide detailed information about the rst instants of the Universe. In this paper, we discuss the relationship between R, n T and 1 n S within an expansion of the scalar and tensor amplitudes in terms of \slow-roll" parameters. 2 We conrm Eq. (6) as the lowest-order result in this expansion if jdR=d ln j j d 2 R=d ln 2 j, and we derive the next-order terms in the expansion as well. We also discuss when the approximation in Eq. (7) is accurate, i.e., what is the relative magnitude of the contribution compared to 1 n S .
We will now discuss the equations relating T and S to the spectral indices. In the Hamilton{Jacobi treatment of the eld equations for ination, the scalar eld is used as a time variable, and the eld equations are [4] [H 0 ()] 
However there are corrections to this result that depend upon the slow-roll expansion parameters, , , and , which are dened as
These three parameters depend upon H 02 (), H 00 (), or H 000 ()=H 0 (), second order in derivatives. In the slow-roll approximation and are less than one. The parameter 2 We derive these relations for the density uctuation amplitudes rather than the actual measured temperature uctuations. This will account for the dierence between 6:25 and 7 in the expressions for 1 n S and n T . 4 can be much larger than one, however. 3 The expressions for A G and A S given previously in Eq. (9) are correct to rst order in f; g, which w e will refer to as the \rst-order" results. To second order, Stewart and Lyth showed [5] , then it is consistent to second-order to neglect the term in brackets in Eq. (13). We will see later that this occurs for many inationary models of interest. Let us now nd the expressions for R, 1 n S , and n T to second order in the slow-roll parameters. We can nd R directly from Eqs. (13), and (14). Using the relation [2, 6] d
we can also nd the spectral indices. The complete second-order expressions then are
1 n S = 2 2 + 4 ( C + 1 ) (5C + 3 ) + C(1 + 2(C + 1 ) C) : (18) 3 Even if is smaller than one, the derivative o f can be large, resulting in jj > 1. This turns out to be the case for a wide range of parameters in Coleman-Weinberg ination.
As mentioned above, can be of order or greater than one, and is therefore not an expansion variable as are and . 4 We h a v e therefore included terms of order 2 and , since they can contribute to 1 n S to second-order (i.e. they can have magnitudes similar to those terms of order 2 or ). This leads to the additional terms 4 2 C(C+ 1 ) and 2C 2 in the expression for 1 n S , which w ere not included in Ref. [5] . Now that we h a v e the complete expression to second order, it is easy to isolate the rst-order terms:
The term corresponding to in Eq. 
We can now see that Eq. (6) holds only when jj 1. The term will contribute to the value of 1 n S if 6 = or if jj > j=j > 1. As an example, if jj= 1 and jj 1 (as is the case for natural ination), then 1 n S ' 2 ' R 1 dR=d ln , a s w e will see in Section III. In this case, 1 n S depends on the derivative of R divided by R, rather than on R.
Finally, note that the term proportional to in Eq. (19) comes from the derivative of a second-order term in the expansion for A S . Thus, it cannot be derived from the rst-order result. However, if A S is expanded to higher orders, no higher-order derivative terms will appear. This is because there are no 0 , 00 , etc., terms to any order in the exact expression for A S [5] .
II. EXAMPLES
Let us now illustrate this formalism by a couple of examples. Most of these examples have already been worked out by the authors given in the reference section. They are given here not only to illustrate the formalism developed in the last section, but also to make the case that Eq. (7) does not hold for a collection of popular ination models.
Only in a few cases, such a s p o w er-law ination, can one nd an analytic solution for H() and its derivatives. It is more useful to have an expression for the slow-roll parameters in terms of the inaton potential and its derivatives. This is a dicult task however, since the slow-roll parameters cannot be unambiguously expressed in terms of the inaton potential and its derivatives. This is because V 5 =V 000 and higher-order derivatives contribute to the slow-roll parameter expressions, even though there is no restriction on their magnitudes. This point is elaborated in the Appendix.
Starting with the eld equations [Eq. (8) 
These expressions are derived in the Appendix. We can see that jj 1 is satised when jj 1 and jj 1. The more general solutions for , and when and are larger than or are of order one are given also in the Appendix.
Note that the rst-order expressions for f; ; g in the expansion in terms of f; ; g can be found by ignoring all the terms in square brackets.
We can then substitute the above expression into Eq. 
Here derivatives of order V 5 =V 000 and higher have been neglected. This new expression will be important for certain regimes in Coleman-Weinberg, scale-invariant, and other models of ination for which jj 1 o r j j 1.
The procedure we will follow is straightforward. For a given potential, we calculate f; ; ; gusing Eq. 
So the relationship between R, n T , and 1 n S to second order is 6:25n T = 6 : 25(1 n S ) = R 1 + 2 25 R :
For the exponential potential the second-order corrections are of order 8R% of the rstorder term. The magnitude of the second-order corrections increase with R, and can become important. We can also express the second-order corrections in terms of the parameters of the potential by writing 2R=25 = 2=( These results for power-law ination are summarized in Table 1. B. Chaotic and hybrid ination Now let's consider a potential commonly used in chaotic ination [7] :
where v and p are constants. The mass dimension of v is 4 p, and p is an integer. We denote as N the value of corresponding to the value of the scalar eld when the length scale of interest crossed outside the Hubble radius during ination. The expansion parameters f; ; ; gare easily found, giving to second order 
If we take p = 2, 4 and 1, then R ' 3:1(1 n S ), 4:2(1 n S ) and 6:25(1 n S ), respectively. Thus, the contribution of the term depends upon p, and is negligible only for p 1.
Note that the tensor to scalar ratio for this model need not be very small, since R = (25=2)r N p 2 , which for p = 2 and 4 is R = 0 : 125 and 0:25. In any case, in slightly more complicated ination models it is possible to have ination during an epoch when the potential is approximately power law, but to modify the relation between r N and N.
As an example of such a modied model, we examine a hybrid inationary model [8] 
Note that for N T the results for p = 2 c haotic inations obtains. We will be interested in the opposite limit, N T . In this case 
To illustrate the point that it is possible to have R 0 with 1 n S relatively large, we can work to rst order in f; ; g and rst order in N = T . In these limits R n T 0; 1 n S 2 8 r T ;
12 where we h a v e dened r T = 1 = (2   2   2 T ) in the same manner as we h a v e dened r N , s o that the slow-roll condition is satised for r T 3=4). Note that n S > 1 in this case, because j=j 1, and because the second derivative of the inaton potential is positive:
V 00 > 0. The number of e-folds from the end of ination is
where r C is dened to be r C 1=(2k We rst choose an example whereby the -term completely dominates, but for which R is very small. We take M = 1 0 14 GeV, m = 7 10 8 GeV and = g = 1 . F or this model, the number of e-folds in the second inationary epoch is 105. Therefore, the observable universe would have density perturbations only from the constant potential epoch for reasonable reheat temperatures. For this model, r T ' :029. For the scale leaving 50 e-folds before the end of ination, R = 1 : 3 10 5 , n T = 2 : 0 10 6 and n S = 1 : 2 to rst order. The value for R ignoring is 6:25(1 n S ) = 1 : 4, which is not only negative but is 11 10 6 % larger than the correct result. Clearly R 6 = 6 : 25(1 n S ) because the term overwhelmingly dominates: = = r N =r T = 1 : 1 10 5 . W e can also nd a value for m such that R 1 but the -term still contributes non-negligibly. W e take M = 1 0 14 GeV, m = 9 : 8 10 8 GeV and = g = 1 . F or this model, the number of e-folds in the second inationary epoch i s 5 2 a n d r T = : 055. For a scale leaving 50 e-folds before the end of ination, R = 1 : 6, n T = 0 : 26 and n S = 1 : 4 to rst order. Thus the value for R ignoring is 6:25(1 n S ) = 2 : 5, which is 72% larger than the result. We see that even when R is near one, the correction terms can contribute nearly 100%.
C. Natural ination Again, the fact that n T 6 = 1 n S can be traced to a large value of , i.e., j=j 6 = 1 . Let's look at the slow-roll parameters with the assumption that N = 1: Because jj , when > 1 the scalar index is 1 n S ' 2 to rst order, as given above in Eq. (46). A summary of the results of this section is given in 
IV. CONCLUSIONS
In this paper, we derive the contribution of scalar and tensor perturbations from ination to second order in slow-roll parameters. We nd that the previously derived formula fails when 6 = or jj > 1. In particular, it fails for natural ination and Coleman-Weinberg ination, where jj , and for \chaotic" While completing this paper, we received a paper by Liddle and Turner [11] on the same subject.
